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INTRODUCTION

The normal resting shape of the human
red blood cel l  (RBC or  erythrocyte)  i s  a
f lattened biconcave disc (discocyte)  about
8 µm in diameter. Treatment of erythrocytes
in  v i t ro  wi th  a  var ie ty  o f  amphipath ic
agents  i s  known to  t rans form th is  shape
systematical ly and reversibly into various
other shapes such as echinocytes (crenated
shapes) and stomatocytes (cup-like shapes),
which  are  fur ther  subdiv ided  in to
classes labelled I, II, III (1–4). In particular,
the  echinocyte  I I I  i s  a  more -or - less
spherical body covered evenly with 25–50
rounded protuberances, which we shall call
spicules.

The RBC membrane is composite (5, 6),
the outside is the plasma membrane, a self-
assembled fluid bilayer with a thickness of
about 4 nm, composed of a complex mix of
phosphol ip ids ,  choles tero l  and d isso lved
proteins. Lipids such as phosphatidylcholine,
sphingomyel in  and g lycophosphol ip ids ,
which are neutral at physiological pH, are
common in  the  outer  lea f le t ,  whi le
phosphat idylser ine  and phosphat idyle tha-
nolamine predominate in the inner leaflet
(6 ,  7 ) .  Due to  the  negat ive  charge  o f
phosphat idy lser ine ,  located  in  the  inner
leaflet,  there is a significant difference in
charge  be tween the  two lea f le t s  o f  the
bi layer .  Ins ide the plasma membrane but
l inked to i t  by protein anchors is  a thin,
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two-dimens ional ly  c ross - l inked prote in
cytoskeleton, the membrane skeleton (5, 8).
The skeleton is  a hexagonally l inked net,
each unit of which is a lamentous spectrin
tetramer with an extended length of about
200 nm. The spectrin tetramer is negatively
charged a t  phys io log ica l  pH.  Thermal
f luctuations reduce the projected distance
between the  ver t ices  of  the  net  to  about
76 nm, while the o set between the plasma
membrane and the spectrin network is 30–
50 nm (9 ,  10) .  Funct ional ly ,  the  p lasma
membrane  serves  as  an  osmot ic  bar r ie r ,
pass ing  water  wi th  re la t ive  ease  but
contro l l ing ,  v ia  a  sys tem of  pumps  and
channels, the flow of ions and larger solute
molecules. The membrane skeleton has the
ro le  o f  suppor t ing  and toughening  the
plasma membrane, which would otherwise
disintegrate in circulatory shear flow.

Some effects are not readily explained
by the  pure ly  mechanica l  b i layer -couple
mechanism (11–15) report that RBC shape
can be controlled experimentally by varying
the external pH, with high pH promoting
echinocyte  format ion and low pH,
s tomatocyte  format ion ( the  e f fec t  o f
proximity to a glass surface in promoting
echinocytosis (16) is probably related to this
effect). The mechanism for this effect does
not  seem to  be  wel l  es tab l i shed.  Some
authors  argue for  a  mechanism involving
membrane  prote ins  Band 3  has  been
specifically implicated (17–20). For example,
i t  i s  known that  h igh  pH induces
dissociation of ankyrin and Band 3, which
plays a role in the linkage of the membrane
skeleton to the bilayer (21). Indeed, it was
shown that in vitro the membrane skeleton
expands at  high pH and contracts  at  low
pH (22–23). Some amphipaths show a 100-

fold change in osmotic pressure, even when
no bonds  or  connect ions  be tween the
polymer  chains  are  a l te red  (24) .  These
effects  can be modeled by also including
pressure as an independent variable which
has been ignored (25).

The present paper builds on the work of
(25) .  We extend the  Area-Di f fe rence -
Elas t ic i ty  (ADE)  model  to  inc lude  the
pressure  te rm due  to  pH and other
amphipaths affecting the osmotic pressure
and also include Band 3 transient  ef fects
wi thout  advocat ing  that  somehow a l l
biochemical effects can be solely attributed
to the area difference alone.

The  mode lThe  mode lThe  mode lThe  mode lThe  mode l

The central assumption of our work is
that the red blood cell assumes a shape that
minimizes  i t s  overa l l  membrane  energy
subject to the appropriate constraints.  We
note that the ratio of the bending modulus
to  the  shear  modulus  (or  the  s t re tching
modulus) defines an elastic scale,

Λel = (κb/µ)½ (1)

Which yields Λ el = 0.28 µm. The RBC
membrane  i s  a  composi te  o f  the  p lasma
membrane  and the  cytoske le ta l  ne twork;
corresponding ly ,  we  take  the  membrane
energy to be a sum of two terms,

F = Fb + Fel (2)

the bending energy,
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associated with the bilayer and an elastic
energy of stretching and shear,
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assoc ia ted  wi th  the  ske le ton.  In  doing
th is ,  we  t rea t  the  p lasma membrane  as
incompressible. An estimate of its stretching
modulus  i s  Kα  (b i layer )  ~  10 –1 J/m 2,
comparable to that of a pure-phospholipid
bilayer and some four orders of magnitude
larger  than that  o f  the  ske le ton.
Correspondingly ,  we  ignore  any  bending
r ig id i ty  assoc ia ted  wi th  the  i so la ted
membrane  ske le ton  ( the  d imens ional
estimate Kb (skeleton) ~ Kα x (thickness)2

leaves it  two orders of magnitude smaller
than that of the bilayer).

Eq.  3  for  the  p lasma membrane’s
contribution to the overall membrane energy
is the now-standard ADE Hamiltonian (26–
29). The first term was originally proposed
by (30–31) .  C1 and C 2 are  the two local
principal curvatures, C0 is the spontaneous
curvature ,  and the  in tegra l  i s  over  the
membrane sur face.  The two leaf le ts  of  a
closed bilayer of fixed interleaflet separation
D are required by geometry to differ in area
by an amount,

∆A D dA C C= +z 1 2b g (5)

In calculations, we shall take D ~ 3 nm;
corresponding to the distance between the
neutral surfaces of the leaflets. The second
term in  Eq.  3  i s  the  so -ca l led  area -
dif ference-elast ici ty energy and represents
the  cost  in  s t re tching (or  compress ional )
energy of the individual leaflets necessary

to force the change from the relaxed area
di f fe rence  ∆A 0 so  as  to  conform to  th i s
geometric requirements. This effect occurs
because  a  s t rong  hydrophobic  barr ie r
prevents  l ip ids  in  one leaf le t  f rom “f l ip -
flopping” passively to the other on the time
scales of  mechanical  shape changes.  A is
the  area  o f  the  p lasma membrane.  The
modulus κ ’ associated with the ADE term is
genera l ly  of  the  same scale  as  κ b.  Note ,
f ina l ly ,  that  we can subs t i tu te  Eq.  5  to
rewrite Eq. 3,

F dA C C A Z dA C Cb b= + + +FH IK
L
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where

C0’ = C0 + πα∆A0/DA (7)

α = κ ’/κb, and the constant term is shape
independent. This shows that, in determining
minimal  shapes  a t  g iven  va lues  o f  the
control parameters, C0 and ∆A0 do not enter
independently but only in the form of an
ef fec t ive  spontaneous  curvature  C0 or ,
equiva lent ly ,  an  e f fec t ive  re laxed area
difference,

∆A0’ = ∆A0 + DAC0/πα (8)

which  we sha l l  o f ten  quote  in  the
dimensionless, reduced form

∆a0’ = ∆A0’/A = ∆a0 + DC0/πα (9)

Note for future reference that increasing ∆a0

by 0.01 is  equivalent to increasing C0 by
6.7 µm–1.

Eq. 4 measures the elastic-energy cost
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of the spectrin network. It depends both on
the relaxed shape of the membrane skeleton
and on the way i t  i s  actual ly  dis tr ibuted
over the membrane surface. (The notion of
a  re laxed shape  i s ,  o f  course ,  somewhat
nominal, since removing the skeleton from
the plasma membrane (which can certainly
be done (32) and would radically change its
local  b iochemical  environment,  in  a  way
which would modify its  shape and elastic
cons tants ) .  In  th i s  red is t r ibut ion,  each
element of the network will be stretched or
compressed.  The quantit ies  λ 1 and λ 2 are
the local principal extension ratios of each
membrane element (33). Kα  and µ  are the
( two-dimensional)  modul i  for  s t retch and
shear ,  respec t ive ly  and the  in tegra l s  a re
over the undeformed shape. In writing Eq.
4, we are assuming, as appears to be typical,
that  the  membrane  ske le ton does  not
p las t ica l ly  de form in  the  course  o f  the
exper imenta l  shape  t rans format ion  be ing
descr ibed.  Note  that  Eq.  4  makes  a
particular choice of terms in the elasticity
beyond those  quadrat ic  in  the  weak
deformation parameters, εi = λ i – 1. For the
large e last ic  s t rains  which are  present  at
narrow necks and for small spicules, these
nonlinearities do play a role. As far as we
are  aware ,  RBC e las t ic i ty  has  not  been
measured well  enough to produce a clear
pre ference  for  a  par t icu lar  form of  the
nonlineari t ies.  Various authors have used
Eq. 4 for the elastic energy in other contexts
with apparent success; however, alternative
forms of  the  e las t ic i ty  have  a l so  been
proposed  for  dea l ing  wi th  problems
involving large local deformations (33, 34).

In  our  ca lcu la t ions ,  we  wi l l  ident i fy
shapes  which  are  minima of  the  ( f ree )
energy  def ined  by  Eqs .  2–4  sub jec t  to

cons t ra in ts  o f  f ixed  membrane  area  A
(bi layer  incompress ib i l i ty)  and volume V
(since the RBC volume is typically set by
osmotic balance). Constrained minimization
is achieved variationally by introducing the
functional,

Φ(Σ,P) = F + ΣA – PV – PAx(t); (10)

where  Σ  and  P  are  Lagrange  mul t ip l ie r s
used to enforce the surface-area and volume
const ra in ts .  P  i s  the  pressure  d i f fe rence
across  the  b i layer ,  whi le  Σ  has  the
dimens ion of  a  sur face  tens ion.  x ( t )
represents  the root  mean square dis tance
for  d i f fus ion for  Band 3 .  Making  Φ
s ta t ionary  wi th  respect  to  var ia t ions  o f
membrane  shape  and cytoske le ta l
distribution leads to a set of coupled Euler-
Lagrange equat ions.  These equat ions  can
then be  so lved  to  g ive  the  shapes  o f
mechanical equilibrium. In principle, such
shapes  are  expected  to  correspond to
observed equilibrium shapes at temperature
T = 0 only;  however,  because the energy
scale κb is large on the scale of kBT, thermal
f luc tuat ions  are  genera l ly  neg l ig ib le  and
play an important role only for “soft” modes,
especially near instabilities (35). The Euler-
Lagrange equations are in general nonlinear
and can have multiple solutions. The lowest-
energy  so lut ion  for  g iven  A and V i s
automatically stable to small  f luctuations;
higher-energy solutions must be tested for
stabil i ty.  All  local-minimum solutions are
candidates  for  s tab le  observable  shapes ,
except in exceptional cases (near instability)
where energy barriers  become comparable
to kBT.

We now consider the diffusion of Band
3 and note that the pressure difference is
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approximately constant until equilibrium is
reached. The influx or efflux can be related
to  the  root  mean square  d i s tance  dx/dt
traveled due to diffusion of Band 3,

J = (1/ξδ) dx/dt = – dP/dx = – 2 Σ/ωx
(11)

Where ω represents the radius for influx
or  e f f lux  and ξ  i s  the  fac tor  to  conver t
volume removed/added with  di f fus ion of
Band 3. δ is the density of the Band 3 and

 is the proportionally constant. Integration
of Eq. 11 gives

x = ((2 δξ) (2Σ/ω) ½ t½ (12)

The  root  mean square  d i s tance  o f
diffusion due to Band 3 over time is plotted
in Fig. 1 from the data from (36).

The  s tab le  shapes  produced by  th i s
process depend on the control parameters:
the geometrical parameters,  A and V, the
determinants  o f  curvature ,  C 0 and ∆A0,
which only enter in the combination Eq. 7
or, equivalently, Eqs. 8–9, the moduli, κ , κ ’,
Kα ,  and µ ;  p lus ,  f ina l ly ,  any parameters
required to characterize the relaxed shape
of  the  membrane skeleton.  The area and
volume of a typical RBC we take as (2) A =
140 µm2 and V = 90 µm3. The moduli are
well determined by experiment. This leaves
as  unknown contro l  parameters  the
curvature  var iab les  and the  cytoske le ta l
parameters .

The  Euler -Lagrange  var ia t ional
equat ions  der ived  f rom Eq.  10  are  not
numerically tractable except in the case of
axisymmetry, which clearly does not apply
to echinocytic shapes. In this paper, we aim

to t reat  only  fu l ly  developed echinocyt ic
shapes  (echinocyte  I I I ) .  For  th i s  case ,
indiv idual  sp icu les  are  ident ica l  and
axisymmetr ic  in  shape  to  a  good
approximation and, in addition, the central
body which they decorate is approximately
spher ica l  wi th  radius  R0.  The  observed
dis t r ibut ion of  spicules  i s  rather  regular ,
and we shall approximate the local spicule
packing as  a  t r iangular  array (except  for
special numbers of spicules, there must, of
course, be some defects),  which will  look
increasingly like an hexagonal close-packed
st ructure ,  as  the  number  of  sp icules ,  ns,
becomes large.

The  base  o f  each  indiv idual  sp icu le ,
where it meets the sphere tangentially, is a
circular contour L of radius rL. If €L is the
angle subtended by L at the center of the
sphere,  then

rL = R0 sin θL (13)

Because of  the close-packed structure,
the  c i rc les  L  meet  tangent ia l ly .  We wi l l
descr ibe  la ter  how to  der ive  appropr ia te
boundary  condi t ions  where  the  sp icu les
meet the sphere. Solving the axisymmetric
Euler-Lagrange equations then determines
a  sp icu le  shape,  inc luding  an  indiv idual
spicule volume Vs and area As. In terms of
these variables, the overall area and volume
of the RBC are taken to be

A ≈ nAs + 0.1 x 4πR02 (14)

a n d

V ≈ (4π/3) R03 + nVs; (15)

with the spicule number
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ns ≈ 3.6 x (R0/rL)2 (16)

In  wr i t ing  these  re la t ions ,  we  have
assumed that 10% of the spherical surface
is not covered by the circular spicule bases
(close packing on a flat surface would give
9.3%; curvature effects and packing defects
both  increase  th i s  number) .  The  sp icu le
volume Vs is calculated with respect to a
p lane  through L,  and Eq.  15  neg lec t s
curvature corrections. These approximations
are good when the number of  spicules  is
la rge ,  as  i t  wi l l  turn  out  to  be  for  the
echinocyte shapes.

T h e o r yT h e o r yT h e o r yT h e o r yT h e o r y

In our treatment, spicules are assumed
to be axisymmetric, and individual spicules
are  jo ined to  the  centra l  body a long the
contour L.  This,  our calculat ion involves
f inding  a  fami ly  o f  energy-minimiz ing
axisymmetric spicule shapes and selecting
from that  fami ly  those  shapes  cons is tent
wi th  appropr ia te  mechanica l  boundary
conditions applied along L. The variables
z  and r  measure  d i s tances  a long  and
perpendicular  to  the  symmetry  ax is ,
respectively, while s measures the arclength
from the pole. The function z(r) determines
the shape. θ is the angle between the local
normal and the symmetry axis; Cm(r), Cp(r)
are the principal  curvatures,

Cm = dθ/ds and Cp = sinθ/r (17)

In calculating the spicule shape, we shall
assume that  the  re laxed cytoske le ton  i s
locally at, a good approximation as long as
the number of spicules is large, so that the
spicule size is small compared to R0. Thus,
in forming each spicule, a flat circular patch

of relaxed cytoskeleton must be elastically
deformed to  f i t  the  sp icu le  contour .
We assume that  th i s  de format ion i s
axisymmetric, so that the center of the patch
remains at the apex of the spicule, and each
point of the patch at relaxed radius s0 maps
to a point at arclength s and radius r on
the spicule contour. The principal extension
ratios can then be written,

λ1 = r/s0; λ2 = ds/ds0 (18)

When these expressions for λ 1 and λ 2
are inserted into Eq. 4 we obtain an explicit
form for the elastic energy in terms of the
functions s0(s) and r(s),

F K s ds r s ds dsel = −zπ α 0 0 0 0

2
1b gb gd i

+ + −zπµ s ds r s ds ds s r ds ds0 0 0 0 0 0 2b gb gb gb gd i
(19)

Using  Eqs .  2 ,  3 ,  17  and 19  we can
implement the stationary condition for the
free-energy functional Eq. 10 with respect
to  var ia t ions  o f  membrane  shape  and
cytoske le ta l  s t ra in .  This  l eads  to  a  se t
o f  f ive  coupled  f i r s t -order  d i f fe rent ia l
equations, which are written down explicitly
in the Appendix. Note that the ADE term
in Eq. 3 enters only through the appearance
of an effective spontaneous curvature

C0
eff = C0 – (πa/DA) (∆A – ∆A0); (20)

which must be determined self-consistently
via Eq. 5.

We now turn to the boundary condition
where the spicules meet the sphere. Along
each element of  L, the spicule membrane
exer t s  a  tens ion k  in  the  p lane  of  the
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membrane and perpendicular  to L,  and a
tens ion normal  to  the  p lane  of  the
membrane. There is no tension in the third
(“shear”) direction because of the membrane
fluidity. In addition, the membrane skeleton
exerts an independent tension which must
be in-plane, since the skeleton lacks bending
rigidity.  In general ,  these tensions would
be  d i f fe rent  a t  d i f fe rent  points  o f  L;
however, in the axisymmetric approximation,
the tensions are uniform around L and the
ske le ta l  tens ion  i s  d i rec ted  radia l ly .  To
mainta in  mechanica l  equi l ibr ium,  these
tensions must  balance where the spicules
meet at point A. Note that A is a point of
b i la tera l  symmetry  be tween the  two
adjacent spicules, so that in-plane tensions,
which ac t  in  oppos i te  d i rec t ions ,  a lways
ba lance  by  symmetry .  On the  o ther
hand,  the  normal  tens ions  must  vanish
indiv idual ly ,  s ince  they  ac t  in  the  same
direction. The normal tension is related to
the  i so t ropic  bending  moment  per  uni t
length ,

M = κb(Cp + Cm
 C0

eff) (21)

Thus,  an appropriate  boundary condit ion
along L is

d(Cp + Cm) / ds = 0 (22)

This is the boundary condition which we
shall apply in our calculations. Of course,
th i s  boundary  condi t ion  i s  approximate ,
since the real spicule is only approximately
axisymmetric. Indeed, with equal logic, we
could  argue  by  symmetry  that  normal
tens ion should  vanish  a t  point  B,  where
three  ad jacent  sp icu les  meet  a t  a  radius
f rom the  sp icu le  ax is  some 15% larger
than rL.

The Euler-Lagrange equations obtained
by minimizing Φ may be written down as
the following set of five coupled ordinary
di f fe rent ia l  equat ions  express ing  the
variables s0, r, θ, Cm and b as functions of
the arclength ‘s’ :

2Kα r ((ds/ds0)(r/s0) – 1) + µs0 ((s0/r) – (r/s0)
(ds0/ds)2 + 2rσ + κ br [Cp2 – 2C0

eff
 Cp –

Cm
2] – b(s) cosθ + Pr2 sinθ = 0; (25)

dr/ds = cosθ (26)

dθ/ds = Cm (27)

dCm/ds = cosθ sinθ/r – Cm cosθ/r + Pr
cosθ/2κb + b sinθ/2rκb (28)

db/ds = 2Kα ((ds/ds0)(r/s0) – 1)
+ µs0 (ds0/ds)((1/s0)(ds0/ds) – (s/r2)(ds/ds0)) + 2σ
+ κ b [cm

2 – 2C0
eff C m – Cp

2] + 2pr sinθ
(29)

Here b(s) is a local variable introduced
to impose the constraint, dr/ds = cosθ, as
first suggested by (38). The variables s, s0,
r, θ and b vanish at the North pole. Note
also that the surface tension σ used in these
equations is ,  in general ,  shif ted from the
parameter Σ appearing in Eq. 10.

Subs t i tu t ing  Eq.  17  and 27  in to  22 ,
differentiating b(s) with respect to ‘s’, and
equating (after removing small terms with
κ b = 2.0 x 10–19 J (38–39) from Eq. 29 and
rearranging,  we get  the spicule  radius  rL

dependent on pressure p as,

rL = (2psin3θ ± (4p2sin6θ – 8σpsin2θ(Cm –
cos2θsinθ))½)/2p(Cm – cos2θ sinθ) (30)

We combine  the  rL due  to  the  area
difference ∆a0 Eq. 16 as well  as pressure
Eq. 30 and plot it in Fig. 2 which shows ns,
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spicule number as a function of ∆a0’ for area
difference effects and added pressure term
for biochemical effects. We assume a value
of  Cm = 1/0.28 (µm) –1 for  spicules  f rom
Eq. 1.

RESULTS

Figure 1 shows the parabolic dependence
of the root mean square distance of diffusion
due to Band 3 over time with the data taken
from (36).

echinocyte  sp icu les  are  pre fer red,  which
also  has  been  observed  exper imenta l ly
(22–24).

DISCUSSION

The ful ly  developed echinocyte  III  a t
equi l ibr ium spicule  number  as  ca lculated
according  to  the  program out l ined
addi t ional ly  u t i l izes  pressure  as  an
independent  var iab le .  The  in terna l
dynamics may also play a significant role
in  in f luencing  the  RBC shapes  wi thout
appreciable effect on the pressure. In such
cases ,  addi t ional  parameters  need  to  be
incorporated into the model.

The  success  o f  th i s  uni f ied  approach
strengthens the hypothesis that RBC shapes
can be understood on the basis of continuum
mechanics  and b iochemica l  content .  The
crenated,  echinocyt ic  shapes  shi f t  due to
changes in the pH and various amphipaths
af fect ing the  osmotic  pressure  have been
shown by calculating the spicule numbers

Fig. 1 : Parabolic dependence of the root mean square
distance of diffusion due to Band 3 over time
with data taken from (35).

Figure 2 shows that biochemical effects
as interpreted via the pressure term show
an increase in spicule number with pressure
in  agreement  wi th  the  exper imenta l
observation of some amphipaths favoring the
echinocyte shape.

The  cont inuum model  (25)  by  i t se l f
u t i l izes  the  exper imenta l ly  unproven
bilayer area difference as the sole parameter
of  echinocyte  sp icu les  format ion.  We
show that  when pressure  i s  a l so
included as  an independent  var iable ,  the

Fig. 2 : Calculated equilibrium number of spicules ns
plotted as a function of the reduced effective
relaxed area difference ∆a0’ and the shift in ns
due to increase in pressure (solid line) due to
changes  in  pH or  amphipa ths  which  a f fec t
osmotic pressure.
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f rom the  Euler -Lagrange  equat ions  by
addi t ional ly  inc luding  pressure  as  an
independent  var iab le  ra ther  than s imply
cla iming i t  be  a t t r ibuted to  the  e f fect ive
re laxed b i layer  area  d i f fe rence  o f  outer
plasma membrane and inner protein-based
membrane  ske le ton.  Our  uni f ied  model
agrees  wel l  wi th  Band 3  d i f fus ion
exper imenta l  root  mean square  d i s tance

data.  We hope that  the research for  new
medications may also take into account the
effect of RBC shapes.
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